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It is becoming an important field in computer art to visualize High
Dimensional Manifolds. [Banchoff 1990] [Kusabuka and Algorith-
micArt 2006] In this research, we will find the dynamics equation
which express deforming motion of theα dimensional manifoldr
, and visualize many interesting motions of the deformed manifold
r(t) by CG animation.

Let r be the deformed manifold ands be the natural configura-
tion of the manifold, which is embedded in the general dimen-
sional Euclidean spaceRα+1. The manifoldsr and s are cov-
ered by plural charts, i.e. they equal the union sets of some plu-
ral charts. They are parameterized byr(u) = r(u1, u2, · · · , uα)
and s(u) = s(u1, u2, · · · , uα) on each chart, where the local
coordinateu = (u1, u2, · · · , uα) is a variable inα dimensional
Euclidean spaceRα. They also be parameterized byr(v) =
r(v1, v2, · · · , vα) ands(v) = s(v1, v2, · · · , vα) on another chart.

Let M(u) be the normal vector of the deformed manifoldr(u) ,
andN(u) be the normal vector of the natural manifolds(u). Let
⟨ · , · ⟩ denote the inner product ( the dot product ) in(α + 1)
dimensional Euclidean spaceRα+1. Let fij be defined as

fij =

⟨
∂2r

∂ui∂uj
, M

⟩
−

⟨
∂2s

∂ui∂uj
, N

⟩
(1)

Since the difference between the 2nd fundamental forms of the de-
formed manifoldr and the natural manifolds

Difference(2nd)(r, s) = −
α∑

i=1

α∑
j=1

fijduiduj (2)

is conserved by the transformation from a local coordinateu =
(u1, u2, · · · , uα) to another local coordinatev = (v1, v2, · · · , vα)
, the potential function
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can be defined as an integral over the manifold. This potential func-
tion J(2nd)(r, s) expresses the amount of differences between the
configuration of the deformed manifoldr and the natural manifold
s with respect to their bend and torsion.

The Frechet derivative∂J(2nd)(r, s)/∂r of the potential function
J(2nd)(r, s) with respect tor becomes

∂J(2nd)(r, s)
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wheree⃗l is an(α + 1) dimensional raw vector whosel th element
is 1 and all other elements are0 , and the matrixckm is defined as
follows. Form = k ,
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Form ̸= k , n th columnckmn of the matrixckm is obtained by

ckmn =
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for n = m (6)
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The above equation (4) generates the inner forces of the manifoldr
with respect to bend and torsion.

We can also define the potential functionJ(1st)(r, s) from the dif-
ferenceDifference(1st)(r, s) between the 1st fundamental forms
of the deformed manifoldr and the natural manifolds , and
the Frechet derivative∂J(1st)(r, s)/∂r of this potential function
J(1st)(r, s) with respect tor becomes
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This Equation (9) generates the inner forces of the manifoldr with
respect to stretch and shear.

Let ρ(u) be the mass density ot the deformed manifoldr where
u = (u1, u2, · · · , uα) is a local coordinate of some chart. Letr(t)
be the configure of the deformed manifoldr at timet. The motion
equation of the deforming manifoldr(t) becomes

ρ(u)
∂2r(t, u)

∂t2
= (10)
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In the real world, the natural configurations of the manifold does
not change as the timet goes on. But, in the virtual world, we can
change the natural configurations as the timet goes on, i.e. we
can consider time time varying natural configurations(t, u). Many
interesting motions of the deformed manifoldr(t, u) are obtained
from the appropriate time varying natural configurations(t, u).
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